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Ranked retrieval over massive implicit result spaces is a core query-processing problem in data management.
A natural instance arises when using tensor factorization (TF) models for retrieval over sparse tensors, where
candidate tuples correspond to unobserved higher-order interactions over a multiway Cartesian product and
are scored by a learned TF model. Real-world tensors in domains such as biomedical analysis, recommendation,
and temporal interaction modeling are sparse and incomplete, and the candidate space can reach the trillion
scale, making exhaustive scoring and sorting infeasible. While most prior work focuses on improving TF
training or model accuracy, scalable inference-time top-k ranked retrieval over learned multiway scores has
been relatively underexplored. Moreover, existing pairwise top-k search techniques, such as Maximum Inner
Product Search (MIPS), do not directly extend to TF due to coupled multiway scores and the combinatorial
candidate space.

We propose ScouT, a scalable and compatible framework for top-k ranked retrieval over massive implicit
tensor spaces. SCOUT reparameterizes TF scores into nonnegative per-mode potentials and a normalized
interaction term, yielding a coupling-free product-form bound that enables ranked access, admissible pruning,
and reliable candidate ordering, without mode-coupled materialization as in MIPS-style reductions. Using this
bound, ScouT performs an N-dimensional best-first traversal with deferred scoring, supporting budgeted
anytime retrieval and certified stopping when exact top-k is required. ScouT further verifies candidates in
GPU-friendly block-wise batches, enabling high-throughput execution under memory and latency budgets.
Experiments show that ScouT achieves over 103x speedup over full enumeration for various TF methods and
up to 11X over MIPS-based baselines, while maintaining comparable retrieval quality.
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1 Introduction

Ranked retrieval over implicit result spaces is a well-established query-processing problem in data
management. Classical settings include top-k join processing [24], where the goal is to identify
the highest-ranked tuples from a join result without full materialization, and ranked retrieval
over middleware [15, 16], where scores from multiple sources are aggregated efficiently. The core
challenge in these settings is to provide ranked access and admissible pruning without enumerating
the full result space.

Sparse tensor retrieval with tensor factorization (TF) models presents a particularly challenging
instance of this problem, where candidate tuples are defined by a multiway Cartesian product
and scored by a learned TF model. Such settings arise in applications including knowledge graph
completion [6, 35, 45], forecasting in time-evolving networks [11], and recommendations [10, 21, 48].
Real-world tensors in these domains are typically sparse and incomplete: only a small fraction of
higher-order interactions are observed while the vast majority remain unobserved. For example, in
the Yahoo dataset used in this paper, the candidate space contains about 1.13 X 10'2 unobserved
user—music-time interactions, although only 785,749 are observed. Thus, the retrieval space is a
massive virtual relation whose size grows multiplicatively with the mode cardinalities, making
exhaustive evaluation infeasible in both time and memory. Figure 1(a) illustrates this challenge.
Existing TF approaches require exhaustively searching the massive implicit interaction space before
returning the top-k results, leading to prohibitive retrieval costs.

The central problem is therefore not training the scorer itself, but supporting efficient ranked
access over the implicit candidate relation induced by the tensor modes. Unlike classical ranked
retrieval and top-k join processing, which often assume explicitly ranked inputs or decomposable
score components, sparse tensor retrieval involves learned high-order scores over an implicit
Cartesian-product space, for which no ranked-access structure is directly available. As a result,
straightforward retrieval requires scoring and sorting the full unobserved space, which quickly
reaches billions or trillions of candidates. Despite this query-processing bottleneck, most prior
TF work [2, 19, 40, 41, 51, 53] focuses on accelerating training rather than inference-time ranked
retrieval.

One might consider leveraging top-k search techniques for pairwise scoring functions, such
as maximum inner product search (MIPS). MIPS typically assumes a flat query—database setting,
where each candidate is a single vector scored by an inner product. In contrast, an N-way TF
candidate is a tuple of entities, and reducing it to MIPS requires materializing coupled (N —1)-mode
vectors, e.g., Khatri-Rao (KR) products [29], whose number is Hm;&q Iy. Thus, the difficulty is not
merely the lack of a faster scoring routine, but the absence of a practical ranked-access structure
over the original implicit tuple space. Even when a dot-product rewriting is algebraically possible,
it requires flattening multiple modes into composite database items, which does not necessarily
provide a scalable ranked-access path over the original multiway tuple space. Consequently, MIPS-
style reductions can incur prohibitive preprocessing and memory costs, especially when coupled
representations are materialized over large multiway candidate spaces.

We propose ScouT, a scalable and compatible framework for top-k ranked retrieval over massive
implicit tensor spaces. As illustrated in Figure 1(b), instead of evaluating the full implicit space,
Scout prunes unpromising regions using potential-based bounds and selectively verifies only
promising interactions. SCOUT reparameterizes a general TF score into nonnegative per-mode entity
potentials and a normalized interaction term, yielding a coupling-free product-form upper bound
that serves as a ranked-access path for pruning and prioritization. Unlike MIPS-style reductions
that require mode-coupled materialization, ScouT relies only on per-mode potentials, avoiding
prohibitive memory overhead and sensitivity to the query mode. Table 1 provides a high-level
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Table 1. Comparison of ScouTt and competitors for top-k retrieval in sparse tensors. Full enumeration is
general but infeasible at scale. MIPS-based approaches can be fast, but typically require memory-heavy mode-
coupled materialization and are most direct for CP-style reductions, limiting scalability and compatibility
with broader TF scorers. ScouT achieves fast retrieval with low memory, strong scalability, and broad TF
compatibility.

Method Speed Memory Scalability Compatibility
Full enumeration X X X v
MIPS-based approaches 4 X A X
Scour (proposed) 4 v 4 v

comparison of Scout with competitors. Building on this access path, Scout performs an N-
dimensional best-first traversal with deferred exact scoring, supports budgeted anytime retrieval,
and provides certified stopping when exact top-k results are required. To exploit GPU parallelism,
Scour verifies candidates in GPU-friendly block-wise batches, enabling high-throughput retrieval
under tight memory and latency budgets. ScouT applies to both multilinear and nonlinear TF
models without modifying the scorer architecture.

Our main contributions are summarized as follows:

¢ Ranked Retrieval over Implicit Tensor Spaces. We formulate sparse-TF inference as
ranked query processing over a massive implicit Cartesian-product space, and propose ScouT,
a scorer-preserving framework for ranked access and admissible pruning.

e Scalable Ranked Retrieval Framework. ScouT supports bound-guided N-dimensional
traversal with deferred multiway scoring and GPU-efficient block-wise verification, enabling
budgeted anytime retrieval as well as certified stopping when exact top-k results are required.

e Theoretical Analysis. We establish sublinear interaction-evaluation complexity O(I*N (log I)N~1)
(0 < p < 1), implying an approximate O(I‘'=?)N /(log I)N~1)-factor reduction in interaction-
score evaluations relative to exhaustive enumeration.

e Experiments. Experiments demonstrate that ScouT achieves orders-of-magnitude speedups
(over 10°X) against full enumeration and outperforms MIPS-based baselines by up to 11x,
effectively bridging the gap between diverse TF architectures and real-time retrieval require-
ments.

Our code and datasets are available at https://github.com/jungijang/SCOUT.

2 Preliminaries

Tensor Notation and Operations. An N-th order tensor is an N-dimensional array, denoted by
X € R XIN where I, is the dimensionality of mode n. A vector x and a matrix X are first- and
second-order tensors, respectively. Let i, € [I,] denote the index of an entity in mode n, and leti =
(i1, ...,in) denote an interaction (index tuple). We use the n-mode matricization X, € RInXTrmzn Im
which reshapes X into a matrix whose rows correspond to mode-n entities and whose columns
correspond to joint indices over the remaining modes. We also use the Khatri-Rao product ©, i.e., the
column-wise Kronecker product: for A € R™*R and B € R/*R (A©B)[;,r] = A[:,r] ® B[;,r]. We
refer to the coupled representation of selected factor rows across modes as a Khatri-Rao (KR)-style
coupled vector. For CANDECOMP/PARAFAC (CP) scoring [8, 22], this coupling is the element-wise
product of selected latent vectors and remains in RR. Here, aE:) € RR denotes the latent vector
of entity i, in mode n. For further background on tensor notation and operations, see Kolda and
Bader [31]. Table 2 summarizes frequently used symbols.

Tensor Factorization. Given an N-order tensor and target rank R, tensor factorization approxi-
mates a given tensor into factor matrices AW, AN and associated parameters 6. The column
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Fig. 1. Scalable top-k retrieval over implicit tensor spaces. Exhaustive retrieval requires searching the entire
implicit interaction space, whereas ScouT prunes unpromising regions and selectively verifies promising
interactions.

size of the factor matrices is R. Then, we can obtain the prediction for a given interaction (iy, ..., in)
as follows:

S(inin) < F{AIN10) (1)

(n

in

where f is a scoring function of tensor factorization. a ) is the latent vector of the inth entity in

the nth dimension. The factor matrices agll) e agﬁl) and associated parameters 0 are learned by
minimizing an objective function such as a mean squared error (MSE) and a pairwise ranking loss.

Problem Definition. We view inference-time prediction in sparse TF as a ranked retrieval
problem over an implicit virtual relation. The primary objective is to identify the top-k higher-order

interactions from a vast, unobserved candidate space in a sparse tensor.

DEFINITION 1 (Top-k PREDICTION IN SPARSE TENSORS). Given an N-th order sparse tensor X €
RIXXIN and q trained tensor factorization (TF) model f with parameters 0, the goal is to find a set
of k unobserved interactions Ly C Scqn such that:

N
Ly =arg max Z f({al(:)}nzl; 0) (2)

LCScan| L|=k (i1yeemin) €L

where Sy = [I1] X -+ X [IN] is the implicit Cartesian-product space of all possible tuples, and
Scan = San1 \ So is the candidate space obtained by excluding the observed interactions S,. Thus, Scan
can be viewed as an implicit virtual relation over which the learned TF scorer defines a ranking.

This formulation corresponds to ranked retrieval over the full implicit relation and can also express
subset-constrained retrieval by restricting one or more modes, analogous to selection predicates in
relational queries.
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Table 2. Symbol description.

Symbol Description
X sparse tensor
A n-th factor matrix
a$:> latent vector representing i,-th entity of n-th dimension
So set of observed entries of a tensor X
Scan candidate set consisting of unobserved interactions in X
in in-th entity index in mode n
(i1, .. iN) interaction in a tensor
I, the size of the n-th dimension of a tensor
R column size of factor matrices
gn(+) function for predicting entity scores in the n-th dimension
f() function for predicting interaction scores
f () function for normalized interaction scores Hfg (nz)
S(itsnin) score of an interaction (iy, ..., i)
Ly list of top-k interactions
D) inner product
O Khatri-Rao product
8(insomnin) upper bound of the interaction score
Ty rank-ordering of entities in mode n sorted by g, (-)
r=(ry,...,ry) rank vector in the N-D lattice

T current top-k threshold, i.e., the k-th largest verified score
b block size for GPU-friendly block-wise verification

a decay factor for aggressive anytime stopping

A regularization strength

B bound-tightness scaling factor

Example 1. Consider a third-order sparse tensor X representing (Drug A, Drug B, Side Effect)
interactions where only a few interactions are observed. This tensor has size 629 x 645 x 1,317,
yielding more than 534 million possible interactions. Given a learned TF scorer f, the goal of
top-k retrieval is to identify the k highest-scoring unobserved interactions, without exhaustively
evaluating all candidates in the implicit Cartesian-product space.

For the top-k prediction in a sparse tensor, we can train a TF method using the set S, of a sparse
tensor X. We adopt the Bayesian Personalized Ranking (BPR) loss [39], a standard pairwise ranking
objective for implicit-feedback and factorization-based top-k retrieval.

loss = Z(i*,i‘) - 10g 0'(si+ - Sr) (3)

where it is an observed interaction in the set S, of observed interactions, i~ is a negative sampled
interaction paired with i*, and o is the sigmoid function.

Limitations of Traditional TF Inference. A variety of tensor factorization (TF) models have
been developed, ranging from multilinear decompositions [8, 22, 50] to nonlinear variants [3, 17, 33].
We train a chosen TF scorer using the objective in Eq. (3), and then use the trained scorer to retrieve
the top-k unobserved interactions as defined in Definition 1. However, a naive ranked-access
strategy is unavailable: traditional inference requires enumerating and scoring every tuple in Scan,
whose size grows as O([],, I,). This is because the TF scorer f(-) assigns scores only to fully
specified tuples and does not provide an access path for reaching high-scoring tuples without
evaluating a large fraction of Scan. While prior work [2, 19, 40, 41, 51, 53] has extensively studied
accelerating the training phase of TF, such work largely overlooks the computational burden of
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inference-time retrieval. As a result, top-k retrieval reduces to a prohibitively expensive full scan
over Scan, making naive TF inference infeasible at scale.

Limitations of MIPS-based Approaches. To avoid the prohibitive cost of full enumeration,
one potential way is to leverage Maximum Inner Product Search (MIPS). It is designed to efficiently
retrieve high-scoring candidates by computing pairwise matches between a query and a set of
candidates under an inner-product scoring function. However, MIPS does not directly apply to
higher-order TF scoring, since the score depends on multiple entity vectors for N dimensions rather
than a single query-candidate pair.

To use MIPS in the higher-order setting, one must reduce the N-way scoring to a matrix-
form inner product via n-mode matricization. Concretely, under CANDECOMP/PARAFAC (CP)
decomposition [8, 22] (i.e., fcp({a(n)} ) = Z Iy ag') [r]), we can rewrite the score as an

n 1
inner product by treating the mode- 1 factor Vector as the query and coupling the remaining factors

from modes 2 to N into a single candidate representatlon S(iy,in) = < 1(11)’ @nN ) (")> , which

allows treating a( ) as a query and @ n=2 a ) as a database vector. However, this reduction requires
materializing and/ or indexing the coupled (N—1)-mode representations for all combinations of
(iz, ..., in). Concretely, it involves constructing the Khatri-Rao product of the remaining factor
matrices, A® ©---0 AN ¢ R(Hiyﬂ I")XR, which can incur substantial memory overhead and may
even lead to out-of-memory (0.0.M) in practice. In addition, the overhead is highly mode-dependent:
choosing a query mode q yields a coupled database of size [] .4 In, making memory/latency highly
sensitive to dataset characteristics.

A MIPS-style reduction gives an algebraic rewriting but not a scalable access path over the
original multiway search space. Even for multilinear scorers, it requires choosing a query mode and
flattening the remaining modes into [],,.4 I, composite database items, which can dominate memory
and preprocessing cost. For example, in the Yahoo tensor, flattening the user—item side would create
about 6.8 X 10° composite vectors, making direct materialization impractical. Such reductions are
most direct for CP-style scores, where the coupled database vector can be formed via Khatri-Rao
products. For Tucker-style scorers, the core tensor induces richer cross-rank interactions, and a
comparable reduction generally requires Kronecker-style coupled representations (e.g., ), q 1(:) ),
whose dimension grows multiplicatively with the ranks of the coupled modes. For nonlinear TF
scorers, exact inner-product reductions are generally unavailable.

Design requirements. Efficient top-k retrieval in higher-order TF must satisfy: (i) scalability
without full enumeration or memory-heavy coupling, (ii) compatibility across diverse TF scorers
beyond CP, and (iii) practicality under latency/memory budgets.

3 Proposed Method: Scout

In this section, we propose ScouT, a scalable and compatible top-k retrieval framework for iden-
tifying the highest-scoring unobserved interactions at a trillion scale. Our goal is to make top-k
retrieval feasible for existing TF scorers over massive implicit Cartesian-product spaces, without
exhaustive enumeration or mode-coupled materialization. We address three challenges:

e C1. Entangled high-order interactions. In N-way TF, interaction scores are entangled
across modes, making full enumeration infeasible. Due to the structural mismatch, extend-
ing 2D retrieval methods requires memory-prohibitive mode coupling (e.g., Khatri-Rao
materialization).

e C2. Scorer-dependent pruning assumptions. TF scorers range from multilinear models
to nonlinear neural scorers, yet existing pruning techniques often rely on model-specific
structures (e.g., inner products) that do not generalize to multiway TF scoring.
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¢ C3.Budgeted retrieval under constraints. Practical deployments demand fast retrieval
under latency budgets and limited GPU memory, requiring memory-aware execution.

We tackle these challenges via three ideas:

e I1. Scorer-preserving reparameterization. We reparameterize a TF score into nonnegative
per-mode entity potentials and a normalized interaction term without modifying the scorer.
This yields admissible bounds for multilinear TF and stable bound-guided prioritization for
nonlinear scorers via magnitude control.

e I2. Coupling-free access path. From the reparameterized form, we derive a product-form
bound over per-mode potentials that directly serves as a coupling-free access path, enabling
certified pruning when admissible and reliable prioritization otherwise.

e I3. Block-wise anytime-to-exact GPU execution. We verify candidates in bound-guided
N-D blocks, using block sizing to control runtime and memory. A two-stage pipeline enables
high-throughput anytime retrieval and certified exact stopping when admissible.

Together, these ideas make existing TF scorers retrieval-ready through ranked access, pruning, and
GPU-efficient verification.

3.1 Scorer-Preserving Reparameterization with Admissible Bounds

Our primary goal is to efficiently identify the top-k higher-order interactions from a combinatorially
large candidate space without resorting to exhaustive enumeration. A key bottleneck in standard TF
models is that their scores are inherently coupled across modes, leaving no decomposable criterion
to safely prioritize candidates before full evaluation. This entanglement effectively forces a blind
search over the entire space, rendering large-scale retrieval intractable. To bypass this limitation,
we propose a structural reparameterization that decouples the scoring function into independent
per-mode entity potentials and a normalized interaction term. This formulation is designed to
be scorer-preserving, ensuring mathematical equivalence to the original model while providing
admissible upper bounds for the effective prioritization of unobserved interactions.

Formally, let s¢;, ;) denote the prediction score for a given interaction tuple (iy, ..., in). We
reparameterize the scoring function f(-) of any TF model into the following decoupled form:

N

S(irin) = SR I150) = (ﬂ gn(aif);en>)~ fa™:0) (@)
n=1 S —

Normalized Interaction

Entity Potentials

where g, (-) is the potential function for the n-th mode entity, and f(-) 2 f(-)/I1gn(") is the
normalized interaction term. This reparameterization separates computationally cheap, per-entity
potentials from the more expensive multiway interaction term and is scorer-preserving by con-
struction.

Crucially, the decoupled form yields an admissible upper bound for efficient search. Define the
potential-based bound for a tuple i = (iy,...,IiN) as § = ]_[,1:]:1 gn(al(:); 0,). Since s; = §; - f() we
establish the following guarantee:

THEOREM 2 (ADMISSIBILITY OF §). If (1) g,(-) > 0 for all n and (2) f(-) < 1, then §; never
underestimates the true score, i.e., §; > s; for all i.

PrOOF. By Eq. (4), s; = ( N gaa™; en)) F() = 8f(). 1 gn(-) = 0 forall n and £(-) < 1, then
si < §;, proving admissibility. O
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This admissibility allows us to safely prioritize and discard candidates during retrieval without
sacrificing exactness:

COROLLARY 1 (SAFE PRUNING). Let 7 be the current k-th largest verified score during search. Any
tuple j with §; < T can be safely pruned without full evaluation, as it is guaranteed not to belong to the
exact top-k.

Proor. For any tuple j, admissibility gives s; < §;. If §j < 7, then s; < 7, so j cannot appear among
tuples whose true scores are at least the current k-th largest verified score 7. Thus, pruning j cannot
remove any true top-k tuple. O

The two conditions in Theorem 2 are addressed by the design of our potentials. First, we construct
gn(-) to be nonnegative by design with norm- or magnitude-based functions. Second, the scaling
and normalization ensure f (+) < 1 for multilinear models; for nonlinear TF models, we additionally
apply a lightweight score-range constraint to encourage this condition. This reformulation applies
to both multilinear and nonlinear TF models; for multilinear models, it converts norm-based entity
magnitudes into a tuple-level product-form upper bound. Although simple norm-based ordering
can prioritize individual entities, it does not by itself define a tuple-level admissible bound, a
monotone multiway access path, or a certified stopping condition. By separating nonnegative
mode-wise potentials from the normalized interaction term, our framework yields the product-form
upper bound in Theorem 2, which enables the bound-guided lattice traversal in Section 3.2. In the
following, we instantiate this design for both multilinear and nonlinear TF models.

3.1.1 Instantiation for Multilinear TF Models. We focus on the CP decomposition [8, 22] and
Tucker decomposition [50] which have been widely used in various tensor-based applications; we
also discuss M>DMTTF [17], a variant of Tucker decomposition. For these models, admissibility is
inherent. By defining the entity potential g, (-) as the vector norm (e.g., L, norm), the non-negativity
constraint (Constraint 1) is automatically met. Furthermore, the Cauchy-Schwarz inequality (or
its generalized Holder variant) guarantees that the interaction score is upper-bounded by the
product of component norms, thereby satisfying the bound constraint (Constraint 2) without any
architectural changes.

Instantiation of CP. We demonstrate our instantiation on CP decomposition, a representative
multilinear TF model. Consider the CP decomposition with factor matrices A € R»*R_ For a
tuple (iy, ..., in), the CP score is

R N N
Sty = 2, | [A® 7] <a§3% ®a§:)>’ ¥
r=1 n=1 n=2

where () denotes the Hadamard product over the selected latent vectors. We set g, (a
anda” = a" /|[a{" ||,. Then

(i w—HIIa()II <<“ @ §:>>. ©)

%,_/
S(ignin) J20)

Wy 2 flal™ |,

Nonnegativity holds by definition, and by Cauchy-Schwarz with ||é§:) 2 = 1 we have f () <1

Hence, §;, .

_ 1IN (n)y A
ain) = =t ||al.n ||2 is an admissible bound for CP scores.
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3.1.2 Instantiation for Nonlinear TF Models. We can use nonlinear tensor factorization methods
including CostCo [33] and NeAT [3]; we can also use MLP (Multi-Layer Perceptron) where its input
is the concatenation of the latent vectors of entities. For neural architectures where geometric
inequalities do not directly apply, we enforce nonnegativity by design and encourage the second
admissibility condition through regularization. For the first constraint, our idea is to design the
function g, (-) as follows:

gn(x) =1 + softplus(MLP, (x)). (7)

This function satisfies the first constraint (i.e., g,(x) > 0) since the softplus function [14] (i.e.,
log(1+€*)) generates nonnegative value. We add +1 because if 0 < g, (x) < 1, the product [],, g (-)
can become too small, which can make the normalized interaction term f ) =FfO/Lgn(5)
excessively large and destabilize training.

We then need to satisfy the second constraint f (+) < 1. A simple approach would involve using an
activation function that produces values less than or equal to 1, such as the sigmoid or tanh function.
However, this degrades the performance of a nonlinear TF method by limiting its representational
power. To encourage the second constraint without compromising the model’s expressiveness, we
add a regularization term that serves as a soft constraint on the interaction magnitude, encouraging
the normalized interaction term to remain bounded without distorting the vector angles required
for capturing complex patterns. In neural network-based models, f(-) is typically computed as
WTO(,»1 ,,,,, in) + b, where w and b are the weight and bias of the final layer and o(; ;. is the single
representation vector of a given interaction. We add the following regularization term in the loss
function:

N
25 softplus | B(IWIlzllog,..ax ll2 + 1b]) - (]‘[ gn(a§:>;9n))) ®)

n=1

where A and (> 1) are the regularization hyperparameter and scaling factor, respectively. Here, A
controls how strongly the regularization is enforced, while f§ determines the target bound. The term

N) b
i ————— between vectors
"""" wllzllog,...in) ll2 >

helping reduce the risk of adversely affecting expressiveness.

Remark. For nonlinear TF models, admissibility is conditional on satisfying f (+) < 1. The scaling
factor f in Eq. (8) serves as a practical control knob: increasing f tightens the magnitude constraint
and helps enforce admissibility. When it holds, $; is a certified upper bound, enabling safe pruning
and exact top-k retrieval.

Instantiation of CostCo. We demonstrate our instantiation on CostCo [33], a representative
nonlinear TF model, and defer additional instantiations (e.g., NeAT and MLP-based variants). Given

a tuple (iy, ..., in), CostCo first stacks the N latent vectors into a matrix X € RNXR where the
n-th row is ai:). It then applies convolutional layers to X to obtain an interaction representation
O(iy,...in)» Which is finally scored by an MLP head as f(:) = w'o(;, iy + b. To encourage the
bound condition f () < 1 in Theorem 2 without hard-saturating the nonlinear scorer (e.g., via
sigmoid/tanh), we add the regularizer in Eq. (8) to the training objective to control the magnitude
of the normalized interaction term. This helps obtain an admissible bound § during search when

the condition holds.
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Algorithm 1: Bound-Guided Lattice Traversal for Top-k

Require: Entity potentials g, (-), interaction function f(-), observed tuple set S,, factor matrices

A™ and k.
Ensure: Top-k interaction list L.
1: For each mode n € {1,..., N}, sort entities in descending order ofgn(al(:)) to obtain the

rank-ordering ;.
2: Initialize a min-heap Ly to store top-k verified scores (threshold 7 < Ly.peek() if | Li| = k,

else —o0).
3: Initialize a max-priority queue Q with the origin rank vector rgqrr = (1,...,1).
4: while Q is not empty do
5 Popr=(ry...,ry) with the highest upper bound §(r) = ]—[],:[:1 gn(7y(ry)) from Q.
6: if |Li| =k and $(r) < 7 then
7: break
8: endif
9:  Compute exact score s; = f({afTZ)(rn) }2]=1) based on Eq. (4).

10:  if tuple(r) ¢ S, and (| L| < k or s; > 7) then
11 Lj..push(s;, tuple(r))
12: if | L] > k then

13: Li.pop()

14: end if

15: 7 — Ly.peek()

16:  endif

17 for each successor r’ of r in the N-D lattice do
18: if r’ has not been visited then

19: Q.push(r’,$(r"))

20: end if

21:  end for
22: end while
23: return L

3.2 Bound-Guided N-D Lattice Traversal for Top-k Retrieval

Next, we leverage the admissible bound § in Section 3.1 to develop an exact top-k retrieval algorithm
over the unobserved candidate space Sean = (£ V) x - -+ x 7(N))\ S,. Note that observed tuples in S,
are excluded before insertion into the top-k list. Our key idea is to impose a search-friendly structure
on Scan by exploiting the factorized form §; = I—[fle n (aS) ; 0,). Specifically, for each mode n, we sort
the entities in descending order of their potential values g, and denote the resulting rank-ordering

by 7. This induces an N-dimensional lattice over rank vectors r = (ry,...,rn), where each node r
maps to the interaction tuple (7;(ry), ..., 75 (rN)) and inherits the bound §; = H],:Izl gn(afr")(r )3 0,).

Since each list 7, is sorted by g, in descending order, §(r) is monotonically non-increasing in
each coordinate, i.e., §(r") < §(r) for any r’ = r. Unlike Fagin-style rank aggregation [15], which
performs ranked access on sorted lists of true scores, we use §; only as an admissible upper bound
to prioritize exploration and defer evaluating the original TF score s; = f(-). Moreover, in multiway
TF, ranked access to true scores is nontrivial without explicit mode coupling, whereas our lattice is
constructed directly from per-mode potentials in a coupling-free manner. Here, coupling-free means
that we never materialize mode-coupled vectors (e.g., Khatri-Rao products); instead, §; = ]—InN:1 gn(+)
is computed on-the-fly via scalar composition across modes.
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Fig. 2. Observation on DDS dataset. Details are described in Section 3.3.1.

Crucially, §; is monotone on this lattice: moving away from the origin (1,...,1) along any
dimension cannot increase the bound. Therefore, we perform a bound-guided best-first traversal
that systematically expands the frontier node with the largest $, evaluates its true score s, and
updates the current threshold 7 (i.e., the k-th largest verified score). Leveraging admissibility, we
can safely discard any node whose bound falls below 7; furthermore, by monotonicity, this pruning
extends to the entire dominated sub-lattice originating from that node. This targeted exploration
concentrates on computing high-potential regions and provides a certified stopping condition for
exact top-k retrieval.

The detailed procedure for constructing the exact top-k list L using the trained model is as
follows (see also Algorithm 1):

(1) Preprocessing: For each mode n € {1,..., N}, we sort the entities in descending order of
their potentials g, (-) to establish the rank-ordering ;.

(2) Lazy Best-First Search: We explore the N-dimensional lattice using a best-first search
strategy [11] guided by the upper bound $(r). To avoid the prohibitive cost of precomputing
all possible interaction bounds, we incrementally expand the frontier of the lattice. A priority
queue is maintained to store candidate rank vectors r, prioritized by §(r).

(3) Deferred Evaluation: For each rank vector r extracted from the priority queue, we compute
the exact score s = f(-) only at the time of its evaluation. If s exceeds the current k-th largest
verified score 7 in L, we update L.

(4) Pruning and Termination: We stop the traversal as soon as the maximum bound in the
priority queue, $,qx, falls below the threshold 7. By the admissibility and monotonicity of
§, any unexplored nodes in the lattice (and their dominated sub-lattices) are guaranteed to
have scores smaller than 7, enabling safe pruning without evaluation.

Note that L is efficiently managed as a min-priority queue of size k to facilitate rapid updates of
the threshold 7.

Example. As illustrated in Figure 1(b) for a third-order case, the search concentrates only on
high-potential regions across all modes. In this scenario, only the top-2 entities from the first and
third modes and the top-3 from the second mode are ever evaluated. Consequently, the top-1 is
identified by examining only 2 X 3 X 2 candidates, safely ignoring the remaining combinatorial
space.
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Algorithm 2: GPU-Friendly Block-wise Anytime Retrieval

Require: Potentials g, (-), normalized interaction f (), observed tuple set S,, block size b, top-k,
decay a, anytime flag stop.
Ensure: Top-k interaction list L.
1: Sort entities in each mode n by potentials g,; partition them into M, blocks {B, 1, ..., By, }-
2: Compute block-max potentials: G, j < maxecp, ; gn(e).
3: Generate block combinations J = (jy, ..., jN) and sort them by S'J = [, Gn,j, in descending

order.
4: Initialize L} as a size-k buffer filled with —co on GPU; 7 «— —00, Mpay < 0.
5: for each block combination J in sorted order, indexed by ¢ = 0,1,... do
6. if stop istrue andc > 0 and §J - (d°Mpay) < 7 then
7: break > Anytime stopping via block bound
s: else if stop is false and $j < 7 then
9: break > Certified exact stopping
10 endif

11:  Generate candidate set C = By j, X - - - X By j,, via Cartesian product.

12:  Pack candidate indices in C into batched GPU tensors.

13:  p « compute potential products [], gn(i,) for alli € C in parallel on GPU.
14: P « Pre-filter C where p; > 7.

15:  if P is empty then

16: continue

17: endif

18:  f < compute normalized interactions for all i € # in parallel on GPU.

190 Mmax — max(Mmay, max(f)).

20:  Compute final scores s < pp Of. > Scoring on GPU
21: V « filter {(s;,i) : i € P} where s; > rand i ¢ S,.

22. if V is not empty then

23: Ly « top-k(Lr UV).

24: 7« min(Ly).
25:  end if
26: end for

27: return L

3.3 Anytime Retrieval and GPU-Friendly Block-wise Verification

3.3.1 Anytime Top-k Retrieval via Aggressive Pruning. In scenarios requiring near-instantaneous
responses, the exact stopping condition in Theorem 2 may still examine a significant portion of
the space if the potentials § remain marginally above the threshold 7. While this stopping rule is
certified when admissibility holds, we primarily use the anytime mode in large-scale settings to
achieve reliable high-precision retrieval under strict latency budgets. To further accelerate retrieval,
we propose an anytime retrieval mode that employs an aggressive stopping criterion. Specifically,
we modify the termination threshold by incorporating the observed distribution of the interaction
terms. Let m, denote the maximum normalized interaction value observed before processing the
block indexed by c. We terminate the search if:

7> (me - a) -3, %)
where a € (0, 1] is a decay hyperparameter. This aggressive bound is based on two empirical
observations: (1) the normalized interaction f(-) is often significantly lower than its theoretical
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upper bound of 1, and (2) the likelihood of identifying a new top-k interaction tends to decrease as
the traversal moves farther from the origin, which we model using an exponential decay factor.
By tuning «, ScouT can navigate the trade-off between efficiency and accuracy. Smaller « triggers
earlier termination for faster anytime retrieval, while « = 1 (with m. = 1) recovers exact stopping.
This anytime capability ensures that our framework remains robust and scalable even under strict
latency constraints.

We further discuss the aforementioned empirical observations using the DDS dataset. As repre-
sentative multilinear and nonlinear TF models, we train CP and CostCo [33], respectively. First,
we verify that the normalized interaction term f (+) is often far below its theoretical upper bound
of 1 over the entire interaction space. Specifically, we observe E[ f] ~ 0.02 (std. » 0.14) with
max_f ~ 0.53 for CP, and E[f] ~ 3.2 %1073 (std. = 4.5 x 107%) with maxf ~ 0.22 for CostCo. This
suggests that the theoretical bound f (+) < 1is far from tight in practice, motivating the use of an
aggressive stopping rule. Second, we analyze the frequency distributions of entities in the observed
data and in the top-10* predicted interactions. Figure 2(a) shows that entity frequencies in each
dimension are highly skewed: only a small number of entities appear frequently, while the majority
are rarely observed. This skewness is also evident in the top-10* predictions in Figure 2(b), where a
limited subset of entities appears with high frequency. Collectively, these observations suggest that
top-k interactions concentrate on a small subset of entities and that the normalized interaction
term is typically far below its theoretical bound, supporting the design of our method.

3.3.2  GPU-friendly Block-wise Verification. While the best-first traversal in Algorithm 1 signifi-
cantly reduces the number of evaluations, its one-at-a-time verification limits GPU utilization. To
address this, we propose a block-wise enhancement that evaluates interaction scores in parallel. The
bound-guided traversal in Algorithm 1 is inherently sequential because candidates are expanded one
at a time according to the current priority queue and threshold. In contrast, GPUs require regular
batched computation to achieve high throughput. Thus, the key challenge is to preserve the pruning
benefit of bound-guided search while exposing enough parallel work to the GPU. Specifically, we
partition the sorted entities in each mode n into M,, contiguous blocks {B,, 1, Bs2, ..., Bnu, }, and
let Mg = ]—InN:1 M,, denote the number of block combinations. By taking one block from each
mode, we define a block-interaction 8 = By j, X - - X By j,, representing a Cartesian product of
candidates. Each block-interaction 8 inherits an upper bound §(8) =[], maxecg, ;, gn(e), which,
by our sorting, is simply the product of the potentials of the first entities in each constituent block.
We materialize and sort these Mp block combinations at the beginning of each retrieval by their
bounds $§(8B), requiring O(Mp log Mp) upfront time and O(NMp) space; they are then processed in
descending order. When a block-interaction 8 is processed, we do not blindly evaluate all b~ tuples.
Instead, a lightweight pre-filter within each block screens candidates based on their individual
potential products, ensuring that only promising survivors invoke the expensive interaction term
in batched GPU kernels. In practice, after forming the candidate set C from each block-interaction
B, we pack candidate indices into batched GPU tensors. The potential products [],, gn(in) are
computed for all candidates in the block via batched GPU operations. Only the candidates passing
this bound-based pre-filter invoke the normalized interaction computation f (+), which is also
evaluated in parallel on GPU. The final scores are then obtained by element-wise multiplication
of the potential products and normalized interaction values. This two-tier approach combines
lattice-level pruning and block-level parallelization, allowing the theoretical pruning benefits to
translate into substantial wall-clock speedups on modern hardware.

The procedure, integrating the aggressive pruning strategy and block-wise verification, is detailed
in Algorithm 2.
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3.4 Complexity Analysis
We analyze the time and space complexities of ScouT.

Notation and Assumptions. For each mode n, define g,(i,) := gn(agl) ; 0,). Without loss of
generality, assume that g, is sorted in non-increasing order with respect to ip, i.e., g,(i,) is the
in-th largest entry of g,. Motivated by the observation described in Section 3.3.1 (See Figure 2), we
assume a power-law decay:

gn(in) < O(i,"™) for some y, > 0. (10)

Let Ymin := Minpe[n] ¥n- Let s, denote the k-th largest score among all candidates s(iy, .. ., in). We
further assume that s, is not too small, namely,

S > Q(prym‘“N) for some constant 0 < p < 1, (11)

where I denotes the (common) mode size for simplicity.! Throughout, we treat the number of
modes N as a constant. Finally, we assume that the constraints in Theorem 2 hold.
Theoretical Analysis. The time complexity of Scour is as follows:

THEOREM 3 (SUBLINEAR INTERACTION-EVALUATION COMPLEXITY). Under the assumptions stated
above, Scout evaluates interaction scores for O(IPN (log I)N=!) candidates, where 0 < p < 1. Conse-
quently, the corresponding interaction-scoring cost is O(T; - I°N (log I)N=1). This scoring complexity is
sublinear with respect to the tensor size I .

Interpretation. The larger s. and ymi, are, the faster our algorithm is. On the other hand, if s, is
too small (e.g., the signal is too low) or ymin is too small (e.g., all i’s are equally important), then p
would be large, and our algorithm would reduce to brute force.

PROOF SKETCH. Since g, (i,) < O(1/i%"), there exists a constant C,, such that g, (i,) < C,/iL".
Since s, > Q(1/I1°PY==N)  there exists a constant C, such that s, > C,/I?'m=N_Then, let C :=
(( N Cn)/C*)l/y"““. Note that the number of checked interactions is upper bounded by

n=1
N N C C
#{(il,...,iN) e[V ngn(in) > s*} < #{(il,...,iN) e[V : 17" > I%;N}
n=1 n=1 "n
N N
S#{(il,...,iN) e [N l_[in SCI"N} g#{(il,...,iN) e NV . ]—[in sczPN}
n=1 n=1
CIPN (In(CIPN))N -1 N N-
<0 =0(I"N(log DN ™), 12
< ( N -1 (177 (log )™ ") (12)

where the last inequality follows from a standard divisor-counting bound. If evaluating one interac-
tion score requires T; time, the corresponding interaction-scoring cost is O(T; - I°N (log)V=1). 1O

Note that the anytime criterion in Eq. (9) is weaker than the exact stopping rule 7 > §, and
therefore it terminates no later than the exact mode since f (+) <1 (hence m, < 1) and a® < 1. This
reduces the explored multiway lattice region to a standard divisor-counting problem over integer
tuples with bounded product.

The space complexity of ScouT is as follows:

The same analysis extends to heterogeneous mode sizes.

Proc. ACM Manag. Data, Vol. 4, No. 4 (SIGMOD), Article 285. Publication date: September 2026.



SCOUT: Coupling-Free Bounds for Trillion-Scale Top-k Retrieval in Sparse Tensor Factorization 285:15

Table 3. Comparison of time and space complexities. Here, I, N, and R denote the number of items per
mode, number of modes, and embedding dimension; Ty and S¢ denote the time and space for computing one
interaction score; Mg denotes the number of block combinations. p denotes the method-specific exponent
used by each approach. Space complexities report peak working memory, including batch-wise scoring buffers
with batch size B; for ScouT, B = bN. For MIPS-based approaches, the per-score cost is ©(R).

Method Time Complexity Space Complexity
Full enumeration O(T; - IN) O(NIR + B - S¢)
MIPS-based approach O(R . 11+P(N*1)) O(IN'R)
Scout (Proposed) O(T; - IPN(log DN-1)  O(NIR + NMg + B - S¢)

THEOREM 4 (SPACE COMPLEXITY). Assume that each candidate set generated via a Cartesian
product contains at most bN tuples, where b < I, and let Mg = []N_, M,, denote the number of block
combinations. Let S¢ denote the peak working memory required to evaluate the score s(;, ;) fora
single candidate. Then, O(NIR + NI + NMg + bN - S¢ + k) is the space complexity of Scour.

Proor skeTcH. The bound follows by accounting for the memory required for (i) factor matrices,
(ii) per-entity potentials, (iii) the Mp materialized and sorted block combinations, (iv) temporary
block buffers for batched verification, and (v) the top-k heap. O

For brevity, since R > 1, NI is dominated by NIR. We keep NMjp explicit, since it is not necessarily
dominated by NIR, and write the space complexity as O(NIR + NMg + b" - 5).

Complexity Comparison. Table 3 summarizes the time and space complexities of full enumera-
tion, MIPS-based reductions, and ScouT. For ScouT, the reported time complexity corresponds to the
interaction-scoring cost after block ordering, while the upfront block-ordering cost is O (Mg log Mp).
Full enumeration scores all IV candidates, incurring O(T¢I N time, which is infeasible at the trillion
scale. After block ordering, ScouT evaluates interaction scores for only a sublinear number of
candidates, incurring O(T; - I”N (log )N 1) scoring cost with 0 < p < 1. This yields a substantial
reduction in expensive interaction evaluations relative to exhaustive scoring.

MIPS-based approaches necessitate a query-specific Khatri-Rao materialization of size IN~'.
Their memory footprint is thus dominated by O(IN"'R), which quickly becomes impractical as
I (or N) grows. In addition, this coupled materialization also makes memory highly sensitive
to the choice of the query mode. By contrast, ScouT eliminates coupled-vector materialization
and performs bound-guided search over per-mode ranked lists with deferred multiway score
verification. As a result, the peak memory is O(NIR + NMp + B - S¢) under batch-wise scoring,
where B = bY is controlled by the block size. Overall, ScouT improves scalability while avoiding
the coupled-materialization bottleneck inherent to MIPS-style reductions.

4 Experiments
We evaluate ScouT by addressing the following questions:

(1) Performance Comparison (Section 4.2). How does ScouTt compare with MIPS-based
reductions in terms of running time, accuracy, and memory on large sparse tensors?

(2) Compatibility (Section 4.3). Can ScouT be seamlessly integrated with diverse TF scorers
(both multilinear and nonlinear) without modifying their architectures?

(3) Scalability (Section 4.4). Does ScouT exhibit improved scalability as the candidate space
grows?

(4) Ablation Study (Section 4.5). Is f (+) necessary, and how effective is ScouTt under CPU-only
execution?
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(5) Hyperparameter Sensitivity (Section 4.6). How sensitive is ScouT to the key hyperpa-
rameters and retrieval size k?

(6) Extension (Section 4.7). Can Scout generalize to other higher-order retrieval tasks beyond
sparse tensors?

(7) Case study (Section 4.8). Can ScouT surface meaningful top-ranked interactions in real
applications?

4.1 Experiment Setting

In this section, we provide experimental settings for this paper.

Environment. We use a workstation equipped with an NVIDIA RTX Pro 6000 Max-Q.

Dataset. Table 4 summarizes the datasets used in this paper. Ohmnet? [56] dataset represents a
tensor of the form (protein, protein, human tissue). DDS® [55] dataset has (drug, drug, side effect)
interactions. Gowalla* dataset is POI recommendation data whose form is (user, location, weekly
time slot). The weekly time slot is a recurring 30 minute interval within a week (e.g., Monday
13:00-13:30), and the same slot in different weeks shares a common index. Reddit® [37] dataset is
a sparse tensor, where the dimensions correspond to users, subreddits, and timestamps, with the
posted status serving as the observed interactions. FB15k dataset® [7] consists of knowledge triples
(subject, object, predicate). Yahoo! dataset is a large-scale tensor where its form is (user, music,
timestamp), and the number of unobserved interactions is trillion-scale.

TF Methods. We use the following multilinear and nonlinear tensor decomposition methods: (1)
CP decomposition [8, 22], (2) Tucker decomposition [50], (3) M2 DMTF [17], (4) CostCo [33],
(5) NeAT [3], and (6) MLP. The first three methods are multilinear tensor methods, while the
remaining three are nonlinear. We improve the scalability of the above methods using ScouT. For
the nonlinear TF models, ScouT uses a lightweight potential network for all g, (-).

MIPS-based Approaches. We consider representative algorithmic families for maximum inner
product search (MIPS). (1) Faiss [13, 28] (IndexFlatIP) serves as a GPU-optimized brute-force
approach. (2) LEMP [47] and FEXIPRO [32] represent pruning-based methods that aim to shrink
the candidate set without full enumeration. (3) ScaNN [20, 43] is included as a quantization-based
approach, which is widely used as a de facto standard for large-scale approximate search. To apply
these methods to an N-way tensor, we follow the standard CP-to-MIPS reduction by treating the
first mode as the query and materializing the coupled vectors over the remaining modes as the
search database. Regarding hardware settings, all methods are evaluated on the same machine.
ScaNN is evaluated on CPU as only a CPU-optimized implementation is available. LEMP and
FEXIPRO were reimplemented on GPU using PyTorch to enable a fair hardware comparison. Scout
and Faiss are evaluated on GPU. This setup allows comparisons among GPU-available methods
under the same hardware environment.

Evaluation Protocol. We adopt a standard train/validation/test hold-out strategy. For each
dataset, we randomly partition the set of observed interactions into three disjoint splits, Dhyain,
Dyalid, and Dyeg With the ratio 60%/20%/20%. We train each TF method using Dyy,in only, and select
the checkpoint (epoch) that achieves the best retrieval performance on Dy,jiq. We then report
the final results on Dyes using the selected checkpoint. At evaluation time, we retrieve the top-k

Zhttps://snap.stanford.edu/biodata/datasets/10013/10013-PPT-Ohmnet.html
Shttps://snap.stanford.edu/biodata/datasets/10017/10017-ChChSe-Decagon.html
“https://snap.stanford.edu/data/loc-gowalla.html
Shttps://github.com/claws-lab/DAIN?tab=readme- ov-file
Chttps://www.scidb.cn/en/detail?dataSetld=e6327206214d442790926d709f1960dd
"https://webscope.sandbox.yahoo.com/catalog.php?datatype=r
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Table 4. Description of real-world tensor datasets. For each dataset, we split all observed interactions into
train, valid, and test sets with the ratio 6:2:2.

Scale Dataset Tensor Size # of Observed # of Unobserved
Ohmnet? 3,955 X 4,134 X 96 2,364, 452 1.57 x 10°

Medium DDS? 629 X 645 X 1,317 4,649, 441 5.29 x 108
Gowalla® 3,761 x 4,834 x 168 333,739 3.05 X 10°

Reddit® 8,894 x 971 X 199 168,111 1.72 x 10°

Large FB15k® 14,951 X 14,951 X 1,345 592,213 3.01 x 10"
g Yahoo 82,309 X 82,308 X 168 785,749 1.13 x 1012

highest-scoring interactions from the candidate space

Secan = {(il,'u’iN) | (il’uwiN) eﬂtrain}, (13)

i.e., we mask all interactions observed in training during retrieval, and treat only Dy as positives.

Retrieval Procedure. We evaluate three retrieval procedures: (1) our anytime retrieval with
Eq. (9), (2) full enumeration, and (3) MIPS-based baselines via the standard CP-to-MIPS reduction.
Except for hyperparameter sensitivity, ScouT uses the anytime mode with the stopping criterion
in Eq. (9). We report end-to-end retrieval latency, averaged over 5 runs. Full enumeration computes
scores for all candidates in S, and returns the top-k by sorting. For MIPS-based approaches, we
select the largest mode (i.e., first mode) as the query and materialize coupled database vectors over
the remaining modes, yielding the smallest mode-coupled materialization and thus favoring MIPS
in memory usage.

Metrics. Let L denote the retrieved top-k interactions and Dy be the held-out test positives.
We report Precision@k (P@k):

P@k = |-£k N Z)test| /k (14)

We focus on P@k since the practical objective is to return a small set of high-quality candidates
from a massive unobserved candidate space, which can contain up to 10'? interactions. Recall
becomes less informative in this setting unless k is set very large. We choose k according to the
scale of the unobserved candidate space. For medium-size tensors, we use k = 100 as a top-ranked
retrieval setting. For large-size tensors, we use larger cutoffs, k = 1,000 or 10%, because the candidate
space is substantially larger, making extremely small cutoffs less stable and less representative for
large-scale retrieval evaluation. In such large spaces, even a single additional hit can significantly
change P@k when k is very small.

Hyperparameters. For model training, we set the learning rate to 1072 and the number of
epochs to 20. We use a batch size of 2048 for CP decomposition and 256 for the other models, with
the rank R set to 10. We use Adam optimizer [30] for training models. For the hyperparameters of
Scout, we set b = 200, & = 0.99, f = 2, and A = 0.01. Unless otherwise noted, we report results
using the anytime retrieval mode with the stopping criterion in Eq. (9).

4.2 Comparison with MIPS-based Approaches

We compare ScouT integrated with various TF methods against MIPS + CP decomposition for the
two large datasets, FB15k and Yahoo. We consider two representative multilinear TF models (CP
and Tucker) and two nonlinear TF models (MLP and CostCo).

Running Time-Accuracy Trade-off. Figure 3 shows that ScouT coupled with a TF scorer (e.g.,
CP or MLP) consistently lies closest to the desirable accuracy-running time region. First, under the
same CP scoring function, Scout + CP consistently runs faster than MIPS + CP, and the advantage
becomes more pronounced on the larger Yahoo dataset. This suggests that ScouT offers better
practical scalability as the tensor size grows. Second, ScouT is not restricted to CP-style reductions.
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especially on Yahoo, while non-CP scorers with Scout achieve higher retrieval quality.

3 GPU (VRAM| [0 GPU (VRAM
A — UL ot [ = e
SCOUT+MLP % SCOUT+MLP{___ V4
SCOUT+CP SCOUT+CPI 4
LEMP+CP % LEMP+CP )
Faiss+CP 2 Faiss+CP V77777777
ScaNN+CP|@ ScaNN+CP
FEXIPRO+CP mf FEXIPRO+CP{0.0M !

o 10

20 30

Memory Usage (GB)

5 10 15
Memory Usage (GB)

20

(a) FB15k Data

(b) Yahoo Data

Fig. 4. ScouT remains memory-efficient, whereas MIPS methods incur high memory cost or O.0.M. failures
due to coupled materialization.

On FB15k, ScouT + MLP achieves the highest P@1000, and ScouT + CostCo and ScouT + Tucker
also outperform CP-style reductions in accuracy. These results indicate that supporting non-CP
TF architectures can lead to higher retrieval quality. Notably, ScouT + MLP remains competitive
with MIPS + CP in latency, demonstrating that ScouT can provide a favorable accuracy-latency
trade-off even with more expressive (and typically costlier) scoring functions.

Memory footprint. Figure 4 compares the system/GPU memory footprints of MIPS + CP and
ScouT coupled with four representative TF methods on FB15k and Yahoo. First, we compare ScouT
+ CP with MIPS + CP. MIPS-style reductions incur substantial memory overhead because they
require materializing coupled (N —1)-mode product vectors, e.g., @nNimaE’:’). This coupling quickly
becomes impractical at scale and can even trigger out-of-memory (0.0.M.) failures (e.g., FEXIPRO).
In contrast, ScouT + CP remains lightweight by avoiding explicit cross-mode coupling, operating
directly on the learned factor matrices via anytime retrieval with bounded best-first traversal and
batched GPU block verification.

We further observe that more expressive TF architectures integrated with ScouT naturally incur
additional memory due to larger model parameters, but remain substantially more memory-efficient
than MIPS+CP on both datasets. Overall, as datasets grow, mode coupling becomes a dominant
memory bottleneck for MIPS-based reductions, whereas ScouT mitigates this issue by eliminating
explicit coupled materialization.
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Fig. 5. Performance comparison between TF methods with and without ScouT. ScouT substantially speeds
up existing TF methods, with speedups exceeding 1000x on Gowalla, while preserving retrieval quality in
most settings.

Table 5. Sample tensor descriptions from the FB15k and Yahoo datasets.

Dataset Tensor Size # of observed # of unobserved
FB15Ksmair 3,716 X 3,732 X 1,344 233,770 1.86 x 1010
FB15Kmedium 14,951 X 3,732 X 1,344 397,275 7.50 x 1010
FB15k 14,951 X 14,951 X 1,345 592,213 3.01 x 10!
Yahoogai 19,478 X 18,772 X 168 154,995 6.14 x 1010
Yahooeqium 82,309 X 18,772 x 168 286,009 2.59 x 101!
Yahoo 82,309 x 82,308 X 168 785,749 1.13 x 10%?
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Fig. 6. Scalability comparison between Scout and MIPS-based approaches. Marker sizes indicate candidate-
space scale (small->medium—large). Scout shows a more favorable time-accuracy trade-off as the candidate
space grows.

4.3 Compatibility with TF Methods

We investigate the compatibility of ScouT with standard TF methods, focusing on the trade-off
between accuracy and speed. In Figure 5, ScouT achieves average speedups of 25X to over 10°>x
compared to full enumeration, while preserving retrieval quality in most settings. Scout +CP
remains the fastest method across all datasets, excelling on sparse datasets like Gowalla and Reddit
due to CP’s robustness in data-scarce environments. For denser datasets such as Ohmnet and DDS,
nonlinear variants like ScouT +CostCo and Scout +MLP achieve the highest accuracy. Run-to-run
variability is more pronounced for models that additionally learn g, (-) (e.g., CostCo and NeAT),
whereas ScouT +CP consistently improves retrieval quality across datasets.
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Table 6. Average number of candidate tuples for which ScouT evaluates the normalized interaction term f()
after potential-based pre-filtering, compared with the total unobserved interaction space. M, B, and T denote
million, billion, and trillion, respectively.

Total Unobserved CP + SCOUT CostCo + SCOUT

Dataset Interactions (# Evaluated) (# Evaluated)
FB15k 301B 233.13M 701.01M
Yahoo 1.13T 98.44M 866.56M

Table 7. CPU-only running time (sec.) of Scout and MIPS-based baselines.

Dataset ScouTt(s) LEMP (s) ScaNN (s) Faiss (s)

FB15k 14.90 72.87 31.30 34.19
Yahoo 7.91 310.66 50.09 131.96

4.4 Scalability and Interaction-Evaluation Reduction

We first investigate scalability under CP decomposition by measuring both running time and
retrieval quality. Overall, ScouT achieves high scalability with respect to the size of sparse tensors.
We measure P@k against the retrieval time for Scout +CP and MIPS+CP for FB15k and Yahoo
datasets. To investigate scaling behavior with respect to tensor size, we vary the tensor size by
subsampling entities along each mode (i.e., restricting the tensor to a randomly selected subset of
entities per mode), which naturally scales down both observed and unobserved interactions as
shown in Table 5. In Figure 6, ScouT +CP achieves a more favorable time-accuracy trade-off than
MIPS+CP, and the running time gap becomes more pronounced in the original datasets than in the
sampled datasets, indicating improved scalability as the candidate space grows.

Search-space reduction. Table 6 further explains why ScouT scales to large candidate spaces.
On FB15k and Yahoo, the total unobserved interaction spaces contain approximately 301 billion and
1.13 trillion tuples, respectively. After potential-based pre-filtering, ScouT evaluates the normalized
interaction term for only about 98-867 million candidate tuples when integrated with CP or CostCo.
Based on the averaged counts, this represents a reduction by factors of approximately 429x to
11,480 in expensive normalized-interaction evaluations relative to full enumeration. These results
demonstrate that ScouT substantially reduces the number of expensive interaction evaluations at
scale, helping explain the favorable time-accuracy trade-off observed in Figure 6.

4.5 Ablation Study

Effect of normalized interaction term. We study the role of the term f ()= % in Eq. (4).

Our full scorer computes s(i) = (][], gn(+)) f (+), whereas the ablated variants remove f () and
score an interaction solely by [],, g, (-). This ablation corresponds to a monotone aggregation over
per-mode ranked lists (akin to a generalization of the Fagin framework [15]), while our full method
goes beyond rank aggregation by explicitly modeling the residual multiway dependency via f ().
We compare ScouT with the ablated variant in terms of P@100, using two choices of g, (+):

e Variant 1 (multilinear): g,(-) = || - ||2 (e.g., for CP/Tucker).
e Variant 2 (nonlinear): g,(-) = 1 + softplus(MLP(x)) shared across modes.

As shown in Figure 7, the effectiveness of removing f (+) strongly depends on the observation
density. In relatively dense datasets, entity-wise aggregation [ ], g, (+) can capture coarse interaction
patterns and thus remains competitive for some multilinear scorers (e.g., CP/Tucker). However,
even in this regime, ScouT consistently achieves higher P@100, especially when combined with
nonlinear scorers (e.g., MLP/CostCo), showing that modeling the residual interaction f (+) provides
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additional signal beyond monotone rank aggregation. This gap becomes more pronounced in
sparse datasets, where the two variants collapse (P@100=0), whereas ScouT continues to retrieve
nontrivial ground-truth interactions by preserving higher-order dependencies under combinatorial
noise.

Effect of GPU Acceleration. We further evaluate Scout and MIPS-based baselines under
CPU execution. For this experiment, we use a fixed block size b = 100 for the FB15k and Yahoo
datasets, since larger blocks can increase block-wise verification overhead, especially under CPU
execution with limited parallelism, consistent with Figures 8(a) and 8(b). As shown in Table 7, ScouT
outperforms all MIPS-based baselines on both datasets. Together with the interaction-evaluation
reduction analysis in Table 6, these results indicate that ScouT’s efficiency gain is not solely due to
GPU acceleration, but also stems from its bound-guided pruning and traversal framework, which
substantially reduces the number of candidates requiring normalized-interaction evaluation.

4.6 Hyperparameter Sensitivity

We analyze the sensitivity of ScouT to two key hyperparameters: the block size b used for GPU
block-wise verification and the decay factor « in the aggressive stopping rule (Eq. (9)). We report
results using a representative multilinear scorer (CP) and a representative nonlinear scorer (MLP).
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Fig. 12. Performance comparison of HNN baselines with and without ScouTt on the Dawn dataset. Scout
accelerates top-k retrieval by up to 77x while preserving high P@1000.

Block size b. We vary the block size b from 50 to 300 and report the running time and peak
memory footprint in Figures 8(a) and 8(b). As b increases, each GPU verification batch covers a
larger Cartesian-product block, increasing batched scoring cost and peak memory usage. Overall, b
serves as a practical knob for scaling verification throughput and trading off exploration budget
against running time and memory constraints; we set b = 200 as a balanced default.

Aggressive stopping factor a. We vary a € {0.7,0.8,0.9,0.99, 0.999, 1.0} and report the trade-
off between running time and P@k. Figures 9(a) and 9(b) show that the impact of « is more
pronounced for nonlinear scorers; Scout +MLP at « = 1.0 on FB15k exceeded our runtime budget
and is therefore omitted. For Scout +MLP, P@k generally improves as a approaches 1.0, since
conservative stopping explores deeper into the lattice. In contrast, Scout +CP exhibits a weaker
dependence on «a, as the top-k list is often completed early from high-$ candidates. Overall, @ = 0.99
strikes a practical balance between speed and accuracy and is used as the default.

Bound-tightness scaling factor § and regularization strength A. We vary f € {1, 2,3,4}
and A € {0,0.001,0.01,0.1, 1}, and report running time and retrieval quality. As shown in Figure 10,
P = 2 achieves the highest retrieval quality among the tested values, while running time remains
within a comparable range. For A, larger values tend to reduce retrieval quality, whereas moderate
values maintain competitive P@100. Accordingly, we use = 2 and A = 0.01 as default settings in
the other experiments.

Retrieval size k. We report running time and P@k by varying the retrieval size k. In Figure 11,
running time generally increases with k, since larger output sizes require maintaining a larger top-k
set and verifying more candidates. In contrast, P@k generally decreases as k increases, as larger
cutoffs include lower-ranked candidates that often have lower positive density. The different trend
observed for ScouT + CP on FB15k reflects the cutoff-dependent nature of P@k, as the distribution
of positives can vary across rank ranges. Overall, the results show predictable runtime scaling with
respect to k, while the corresponding P@k values follow the expected behavior of cutoff-based
retrieval evaluation.

4.7 Extension to Hyperedge Prediction

Thanks to the generalizability of our scoring framework, ScouT can be applied to higher-order
interaction retrieval beyond TF. We demonstrate this on hyperedge prediction.

Data. We use the Dawn dataset® [4], a drug-combination hypergraph with 2,109 nodes and
87,104 observed hyperedges. We split observed interactions into train/valid/test with a ratio of
6:2:2.

8 Available at https://www.cs.cornell.edu/~arb/data/cat-edge-DAWN/

Proc. ACM Manag. Data, Vol. 4, No. 4 (SIGMOD), Article 285. Publication date: September 2026.


https://www.cs.cornell.edu/~arb/data/cat-edge-DAWN/

SCOUT: Coupling-Free Bounds for Trillion-Scale Top-k Retrieval in Sparse Tensor Factorization 285:23

Table 8. Top-5 predicted DDS interactions by MLP with ScouT. Entity ranks based on g,(-) are shown in
parentheses; blue and red cells denote test-set positives and high-scoring unobserved predictions, respectively.

Rank Drug 1 Drug 2 Side Effect
1 Bupropion (302) Alendronate (422) Fatigue (122)
2 Bupropion (302) Alendronate (422) Chest pain (54)
3 Estradiol (257)  Alendronate (422) Chest pain (54)
4 Estradiol (257)  Alendronate (422) Edema extremities (327)
5 Estradiol (257)  Alendronate (422) Arterial pressure

NOS decreased (428)

Task. We retrieve top-k unobserved triples among 2,109° = 9.39 x 10° candidates. Hypergraph
models are trained on hyperedges of diverse sizes using Eq. (3), and evaluated on test triples by
P@1000.

Baselines. We consider three HNN encoders: HyperGraphConv (HGC) [5], HGNN [18], and
HNHN [12]. For all methods, we use max pooling as the aggregator and a 2-layer MLP as the
predictor.

Applying ScouTt. We apply ScouT to each hyperedge scoring pipeline (HNN encoder + aggrega-
tor + predictor) by substituting its original scoring function fp, () into Eq. (4) where the subscript hg
denotes the original hyperedge scorer built on an HNN backbone. We compute per-node potentials
via a shared MLP g, (-) on node embeddings, and capture the remaining higher-order dependency
through f;lg(~). For nonlinear components, we add the regularization in Eq. (8) to encourage the
bound condition required for admissibility.

Result. Figure 12 shows that ScouT accelerates top-k triple retrieval by up to 77X while maintain-
ing comparable P@1000. HGNN+ScouT provides the best speed—accuracy trade-off, highlighting
the versatility of ScouT for higher-order interaction tasks.

4.8 Case Study

Table 8 presents a qualitative case study of the top-5 predicted interactions for MLP with ScouT
on the DDS dataset. ScouT identifies meaningful interactions even when the constituent entities
do not have the highest individual potentials. For instance, Bupropion (302nd) and Alendronate
(422nd) receive high interaction scores, with Fatigue appearing as a test-set positive and Chest pain
as a high-scoring unobserved prediction.

5 Related Work

We review existing literature in three key areas: ranked retrieval and top-k query processing,
maximum inner product search, and tensor factorization.

Ranked Retrieval and Top-k Query Processing. Ranked retrieval and top-k query processing
have long been studied in the database community. Classical work on rank aggregation and
middleware systems [15, 16] studies how to combine multiple ranked inputs and identify top-ranked
answers without fully accessing all objects. Top-k join processing [24] further addresses ranked
query processing over join results, where the output space may be large and full materialization
is undesirable. These works provide the principles of ranked access, threshold-based stopping,
and pruning. However, they typically assume explicitly available ranked lists, decomposable score
components, or relational join inputs. In contrast, our setting ranks tuples over an implicit Cartesian-
product tensor space using learned high-order TF scores, where no ranked-access structure is
directly available. ScouT addresses this gap by deriving a scorer-preserving, coupling-free bound
that induces ranked access and admissible pruning over the implicit candidate space.

Maximum Inner Product Search (MIPS). MIPS can be viewed as a widely used retrieval
primitive for pairwise learned scores. Prior work has proposed a wide range of MIPS solutions [1,
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13, 20, 28, 32, 43, 47, 52] using pruning, indexing, and quantization techniques. Importantly, the
main obstacle in applying MIPS to TF is structural rather than method-specific. Thus, the limitation
is not merely whether a score can be rewritten as an inner product, but whether the rewriting
yields a scalable ranked-access path without materializing composite items. MIPS is tailored to
pairwise inner-product retrieval, whereas higher-order TF scoring involves multi-entity interactions
and typically requires explicit mode coupling (e.g., Khatri-Rao materialization) to form an access
path, which becomes memory-prohibitive as in Section 4. A potential alternative is to apply MIPS
slice-by-slice and aggregate the per-slice results; however, this can still incur worst-case query
work scaling as O(IN™1!) (e.g., O(I) queries over O(IN~?) slices for balanced modes), making it
computationally impractical at scale. In contrast, ScouT enables efficient top-k retrieval over higher-
order interactions under TF-based scoring functions, where each score depends on three or more
entities.

Tensor Factorization and Tensor-based Retrieval. To analyze large-scale tensors, extensive
research has focused on efficient and scalable TF for both dense tensors [26, 27, 36, 38, 42, 44, 49, 54]
and sparse tensors [2, 19, 40, 41, 51, 53]. These advances primarily improve the efficiency of
learning TF representations, whereas our focus is on retrieving top-k unobserved interactions
efficiently at inference time. In sparse regimes, predictive accuracy is equally critical, prompting the
development of more accurate TF methods [3, 17, 25, 33]. However, despite their strong predictive
power, these models typically lack dedicated retrieval mechanisms and often require exhaustive
scoring over the combinatorial candidate space. In contrast, ScouT enables scalable top-k retrieval
while seamlessly integrating with accurate TF scorers and maintaining comparable predictive
performance. These tensor-based retrieval tasks arise across domains including context-aware
recommendation [10, 21, 48], knowledge graph completion [35, 45], computational biology [34, 46],
and social network analysis [9, 23], where the common bottleneck is identifying top-k interactions
from a combinatorial candidate space without exhaustive enumeration.

6 Conclusion

We propose ScouT, a scalable and compatible framework for top-k ranked retrieval over massive
implicit tensor spaces. SCOUT leverages a scorer-preserving reparameterization to derive a coupling-
free upper bound, enabling admissible pruning and GPU-efficient block-wise verification, while
supporting budgeted anytime retrieval and certified exact stopping. Empirically, ScouT achieves
orders-of-magnitude speedups over full enumeration and outperforms MIPS-based baselines in
most settings while maintaining comparable retrieval quality. By bridging accurate tensor modeling
and scalable inference-time retrieval, ScouT makes higher-order interaction retrieval practical.
Future work includes extending ScouT to streaming settings for real-time retrieval over dynamic
tensor streams.
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