Reconstructing Graph Diffusion History from a Single Snapshot
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PROPOSED METHOD: DITTO
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* First infection time: hy (¥) := min{T + 1, min{t > 0:y;, > 1}}.
* First recovery time: hy;(¥) = min{T + 1, min{t > 0:y;, = R}}.

Stability of Posterior Expected Hitting Times

HIGHLIGHTS

» Problem definition: Reconstructing Diffusion history from A Single snapsHot (DASH).
* We do not assume knowing true diffusion parameters.
* We do not assume having real histories as training data.
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Hitting Times

» Theoretical insights: Fundamental limitation of the MLE formulation.
* Theorems 1 & 2 = Unavoidable estimation error of diffusion parameters.
* Theorem 3 = The MLE formulation is sensitive to that estimation error.

» Problem formulation:
* A novel barycenter formulation based on hitting times.
* Provably stable against estimation error of diffusion parameters.
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(Key theoretical observation)

* Theorem 4. Under SIR model and mild
conditions, for any possible snapshot yr,
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» Proposed method: Diffusion hiTting Times with Optimal proposal (DITTO). Vg y~pIE| T[h;(Y)] 0L, Jé%“ Llo?f — 2.0604 IR
* Reducing the problem to estimating posterior expected hitting times via M—H MCMC; Vg Y~PIE|yT[h w(¥)] = 0(1). ) PpLY)vs Fpl¥]inthe MLE for- (b)ﬁllEy[Thx(Y) vsﬁllaThx(Y)]m
e Using a GNN to learn an optimal proposal to accelerate convergence of M—H MCMC. > Stable even for small B the barycenter formulation.

Figure 2: Sensitivity of the MLE formulation vs stability of
the barycenter formulation.
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¢ Proof Idea: Use Lemma 8 again to characterize Pg[Y] and Pg[y7].
MLE Formulation — Barycenter Formulation

 Estimation error of B is unavoidable.

INTRODUCTION

Diffusion on Graphs

X The MLE formulation is sensitive to estimation error of f3.
Posterior expected hitting times are stable against estimation error of 3.
* Our solution: A novel barycenter formulation based on hitting times.
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Yo & Y11 T e Bias—variance decomposition:

Y~P 31y [d(y Y) ] ;}xZR< hx(Y) — Y~P]E|yT hx(Y)])2 + Y~\1/3%|ryT[h§(Y)])'

* Variances are constant w.r.t. ¥ = Optimal solution Y:
hﬁ(?) = round( E [hﬁ(Y)]) , x =LR;
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l d S, for 0 <t < hl(Y);

X = {e Susceptible e Infected e Recovered} yt,u =411 for hb(?) St< hR(?)'
R forhR(Y) <t <T.
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Problem (DASH): Reconstructing Diffusion history from A single SnapsHot.

Input: (i) graph (V, E); (ii) timespan T of interest; M-H MCMC for POSterlor Expectatlon Estimation
(iii) final snapshot yr € X; (iv) initial distribution P[y]. * How to estimate. E  [hX(Y)]? >Recall: Intractable to compute P3[Y]yr].
Output: reconstructed complete diffusion history Y = [¥q, ..., V7—1, yr]* € X7V, Y~Pplyr
»We do not assume knowing true diffusion parameters. * Our solution: M-H MCMC [1, 2].
1. Design a proposal distribution Qg(y1)|:] over possible histories.
Cha"enges of the DASH Problem 2. Each step of M—H MCMC samples L histories Y9 ~ Qg(yr), i =1, ..., L.
ﬁ; _XUnbavailable 3. Each previous history y(s—10 js replaced by the new history YD with probability:

min

Pﬁ[Y(S'i) |yT]Q9 (yT)[Y(S_l'i)] o PB[Y(S’D]QQ (yT)[Y(S_l'i)] > Tractable to compute
PV yr|Qe(yr) YY) "PalYSTLD]Qe(yr)[Y D] )
»The Markov chain (Y(S")) provably converges to the posterior distribution Pg|yr.
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E [hE(Y)] =~ 2 hE(YSD), s +oo.

| ; Y~Pplyr
C1: lll-posedness C2: Explosive search space  C3: Scarcity of training data i i —
Need appropriate inductive bias Exponentially many possibilities Few history data in practice Learnlng an optlmal Proposal for M H MCMC
* The convergence rate of M—H MCMC depends critically on the proposal Qg.
Previous Methods & Their Limitations / »Qg(yr) closer to Pﬁ|yT = Higher rate of convergence.
X Unavailable — e QOur solution: Use a GNN to learn an optimal poposal. Qe
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i é& ’ﬁ; ’ﬁ; | (our Theorems 1 & 2). eteosmi? * Objective function: (a corollary of our Theorem 5; see our paper for details)
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REVISITING DIFFUSION HISTORY MLE

NP-Hardness of Diffusion Parameter Estimation

MAIN EXPERIMENTS

Performance for Real-World Diffusion

Table 4: Results for real-world diffusion. “OOM” indicates “out of memory.”

* To estimate diffusion parameters 8, a conventional approach is MLE: Type Vothod ¢ BrFarmers Pol Covid Hebrew » BrFarmers is very close to Sl.
max P . * Fif _N'RNISEL FIT NRMSE| || F1T NRMSE| || FIT NRMSE]
B B [yT] ( ) GCN .5409 .6660 .4458 4946 3162 5214 .3350 .6070 .
Supervised GIN 4548 6565 | 5203 4767 | 3226 4951 || 3704 7816 ' DITTO: Con5|stently strong performance
H . 1 TH . [ -~ BRITS . . OOM . . . .
 Theorem 1 (informal): Computing the probability P 7 lyr]is NI-:L-hard. (W estimated ) opnn et o | ests st || ors o | aere 3, across all datasets.
T+1 . SPIN .8268 .2084 OOM .5917 .2932 5178 3330 . . .
>O (( 2 ) (n + m)> tlme. MLE DHREC .6131 4150 .7023 .3398 .3540 .6023 6251 4169 | MLE/SuperVISed Bad When real dlfoSIOn
“*Think deeper: Is there an algo for B MLE without computing Pa[yr]? @ = W —————— N ____ Lo e | gass aow || s ]| sws s o deviates from SI/SIR.
p ' Barycenter DITTO (ours) || .8206  .2142 | .7471 .2903 || .6240  .2637 | .6411  .2983

Comparison with MLE-Based Methods

Table 5: Comparison with MLE-based methods on synthetic SI and SIR diffusion. *We use GRIN trained with true f as the ideal
performance and calculate Gap w.r.t. this ideal performance.

BA-SI ER-SI Oregon2-SI Prost-SI ° H
Type  Method ‘ FIT  Gapl |NRMSE| Gap| | FIT  Gapl |NRMSE| Gapl | F17  Gapl |NRMSE| Gap| | FIT  Gapl | NRMSE| Gap| DITTO. Stably aCh|eveS the
Ideal  GRIN | .8404*  — | 2123 - | 817 = | 2166 — | 83200 - | .2249* — | 8482 - | 2155 —
| strongest performance.

MLE DHREC .6026  28.30% 4644 118.75% || .6281  24.48% 4495 107.53% 6038  27.43% .4101 82.35% 6558  22.68% 4138 92.02%
CRI 7502 10.73% 3012 41.87% 7797 6.25% .2744 26.69% 8183  1.65% .2438 8.40% .8083  4.70% .2491 15.59%

Barycenter DITTO (ours) || 8384 0.24% | 2139  075% || 8269 058% | .2225  272% | .8280 o48% | 2289 178% | 8327 183% | 2317 7s2n b \/]LE: Pe rfo rmance vary

BA-SIR ER-SIR Oregon2-SIR Prost-SIR

FIT  Gapl | NRMSE| Gapl FIT  Gap|l |NRMSE|  Gap| FIT  Gapl | NRMSE| Gap| FIT  Gapl | NRMSE| Gap] |a rge Iy aCross d at a Set S d ue

Ideal  GRIN | 7867 — | .1692* — | .7626*  — | .2484* — || -802¢*  — | .1651* — || 8o67*  — | .1652% - e .
wmig  DHREC 5080 35.43% | 4722 179.08% || 5500 27.88% | 4423  78.06% || 6044 24.68% | .4478  171.23% || 6268 22.30% | 4326  161.86% to sensit |V|ty .
CRI 5994 23.81% | 3356 98.35% || .6120 _ 19.63% | 3109 _ 25.16% | 5761 28.20% | 3576 116.60% | .5738  28.87% | 3406 106.17%
______________________________________________________
120% | .1707  3.39% || .7929 1.71% | .1690  2.30% 1

* Theorem 2 (informal): Diffusion parameter MLE (x) is NP-hard.

— Implication: Estimation error of 8 is unavoidable.

Sensitivity to Estimation Error of Diffusion Parameters

* MLE formulation for diffusion history reconstruction:
_ max PE[Y] :
Yesupp(P|yr)
 Theorem 3. Under the SIR model and mild conditions, for all
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= Implication: MLE formulation is sensitive to estimation error of f3.




