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HIGHLIGHTS
ØQuery-efficient gradient estimator: GraCe
• Only 𝑂 𝑠 log log 𝑑/𝑠 queries per step
• Still 𝑂 1/𝑇 convergence for nonconvex optimization

ØRelaxed sparsity assumption
•We assume approximately 𝑠-sparse gradients
•Weaker than exact sparsity and compressibility

ØImprovement of Indyk–Price–Woodruff (IPW)
•We reduce its constant by a factor of nearly 4300
• Via our dependent random partition technique

ØStrong empirical performance
• Evaluated under 10000-dimensional functions
• Significantly outperforms 12 existing methods

PROPOSED METHOD: GraCe
ØCore idea: Locate large-gradient dimensions
• Employ the IPW algorithm from compressed sensing
• Adaptively encode dimension information into queries

ØMotivating case: Approx. 1-sparse gradient
• Suppose that some 𝑗 ∈ 𝑑 has sufficiently large ∇!" 𝒙
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ØGeneral case: IPW + dependent random partition
• Divide dimensions into 𝑂 𝑠 groups 𝑆 of fixed size 𝑂 𝑑/𝑠
• Each group has only 1 large-gradient dimension 𝑗 w.h.p.
• Use 𝑂 log log 𝑆 adaptive queries to locate 𝑗 ∈ 𝑆

BACKGROUND
ØHigh-dim zeroth-order optimization (ZOO)

min
𝒙∈ℝ"

𝑓 𝒙

• High-dimensional space ℝ3
• Possibly nonconvex function 𝑓:ℝ3 → ℝ
• Only queries 𝑓 𝒙 ; no gradients ∇𝑓 𝒙
• Aim to use as few queries as possible

ØOur main assumption: 𝜌-approximate 𝑠-sparsity
max

4⊆ 3 : 4 78
∇4𝑓 𝒙 .

. ≥ 𝜌 ∇𝑓 𝒙 .
. , ∀𝒙

• Approximation ratio 0 < 𝜌 ≤ 1; sparsity 1 ≤ 𝑠 ≤ 𝑑

ØOther standard assumptions:
• Lower boundedness: 𝑓∗ ≔ inf

𝒙
𝑓 𝒙 > −∞

• Lipschitz continuity: 𝑓 𝒙 + 𝒖 − 𝑓 𝒙 ≤ 𝐿: 𝒖 .
• Lipschitz smoothness: ∇𝑓 𝒙 + 𝒖 − ∇𝑓 𝒙 . ≤ 𝐿- 𝒖 .

THEORETICAL GUARANTEES
ØQuery complexity: 𝑂 𝑠 log log 𝑑/𝑠
• Given any 𝒙 ∈ ℝ3, any 𝜖 > 0, and any 0 < 𝛼 < 𝜌
• 𝑂 𝑠 log log 𝑑/𝑠 queries can find a gradient estimate 𝒈 s.t.

𝒈 . ≤ ∇𝑓 𝒙 . + 𝑂 𝜖
𝔼 ∇𝑓 𝒙 , 𝒈 𝒙 ≥ 𝛼 ∇𝑓 𝒙 .

. − 𝑂 𝜖

ØRate of convergence: 𝑂 1/𝑇 for nonconvex ZOO
• Given any initial point 𝒙- ∈ ℝ3, any step size 0 < 𝜂 < 𝜌/𝐿-,
any 0 < 𝛽 < 1, and any 𝛥 > 0, under suitable hyperparams
• Suppose gradient descent + GraCe yields points 𝒙., 𝒙;, …
•With probability ≥ 1 − 𝛽, for all 𝑇 ≥ 1 simultaneously,

min
<7-,…,?

∇𝑓 𝒙< .
. ≤

1 + 2 1 − 𝐿-𝜂𝐿-𝜂𝛽

𝜂 − 𝐿-𝜂
.

2

𝑓 𝒙- − 𝑓∗ + 𝛥

𝑇

COMPARISON w/ BASELINES
ØTheoretical comparison:

ØEmpirical comparison:
• Evaluated under 10000-dimensional functions
• 2 synthetic functions (left) and 1 real-world function (right)

ØConclusions:
• GraCe consistently outperforms 12 existing ZOO methods
• GraCe achieves fastest convergence with fewest queries
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